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Mobility and stochastic resonance in spatially inhomogeneous systems
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The mobility of an overdamped particle, in a periodic potential tilted by a constant external field and moving
in a medium with periodic friction coefficient is examined. When the potential and the friction coefficient have
the same periodicity but have a phase difference, the mobility shows many interesting features as a function of
the applied force, the temperature, etc. The mobility shows stochastic resonance even for constant applied
force, an issue of much recent interest. The mobility also exhibits a resonancelike phenomenon as a function
of the field strength and noise induced slowing down of the particle in an appropriate parameter regime.
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[. INTRODUCTION dynamics of the particles in a potential field and helps the
system to approach towards its equilibrium or steady state.
The simple phenomenon of stochastic resondB8&® has  The relative stability of the competing states is governed by
been an active field of research for more than one and a hathe individual Boltzmann factor, i.e., inhomogeneity in fric-
decades. Its appeal to natural processes has generated a lotioh does not affect the stationaggquilibrium) properties of
interest among workers from various branches of science anal system but it does affect the dynami¢abnequilibrium
engineering 1]. This interest is largely because of the fact properties such as the relaxation rates. In contrast, tempera-
that in this phenomenon noise plays a useful role. The presure inhomogeneity changes the relative stability of the oth-
ence of noise helps in improving the quality of response of &rwise locally stable state&hereby creating new steady
system subject to an alternating external field. The convensiates Moreover, the relative stability of the system in two
tional SR is all about théoutput signal-to-noise ratiopti- jifferent local minima depends sensitively on the tempera-
mization of an input signal by noisy nonlinear systems byyre profile along the entire pathway connecting the two local
suitably tuning the noise level. It is reflected as a peak in th?ninima. Temperature nonuniformity together with spatially

output signal-to-noise ratio as a function of .mPUt no.'sevarying friction coefficient or alone has been shown to give
strength. To observe SR one requires three basic |ngred|ent'§ée to a net current in a periodic potentf@—11 in the

(i) an energetic activation barriefi) a weak coherent input absence of an applied bias. Spatially varying friction coeffi-

periodic signal, andiii) a source of noise. Attempts are be- ". ;  th di | h ¢ qive th
ing made to reduce the number of constraints for the realiza2'®M" 7(q) of the medium, alone, however cannot give the

tion of SR. In our present work, we are interested in the'€t Probability currenj in such a potential. But when, in

response optimization, in the presence of a nonoscillatingddition, a constant forc& is applied a finite net current
external signal. may result at a constant temperatdref the medium. We
There was a suggestion that SR could be observed in tHeonsider a sinusoidal potential with periogrznd a sinusoi-
drift velocity of an overdamped Brownian particle in a tilted dally varying model friction coefficient of the same period
periodic potentia[2]. The suggestion was an important one but with a phase differencé and modulating amplituda.
for it sought to do away with the oscillating input signal, The mobility [6,12] x« (=(dg/dt)/F=2mj/F, where
considered to be an essential ingredient for the observabilitydg/dt) is the average drift velocity of the particleshows
of the phenomenon of SR, and replace it with a constantery interesting behavior in the parameter space of
uniform external field. Though the suggestion has now bee(T,F,\,#). Apart from the above mentioned SR as a func-
proved to be incorredi3,4] for overdamped particles, it is tion of noise, the mobility also exhibits a resonancelike phe-
argued to be correct for underdamped parti¢tdsvhere the  nomenon as a function ¢ and the phenomenon of noise-
inertia of the particles could act as surrogate to the externahduced stability, etc.
oscillating field in a periodic potential. The present work  Before we present the results of our calculation in Sec. Il
shows that SR can indeed be observed in the drift velocity ofye discuss the necessary formalism in Sec. Il. We summa-

overdamped particles in a periodic potential subjected 10 §ze our work in the last section, Sec. IV, with a discussion.
nonoscillating uniform constant field but in a medium where
the particles experience spatially periodic frictional drag.
The varlatlon_of space dependent frlctl_oﬂq) (in the Il THE MOBILITY
absence of spatial variations in temperaturdluences the
The motion of an overdamped particle, in a potential
V(g) and subject to a space dependent friction coefficient
*Electronic address: dan@iopb.res.in 7(q) and an additional constant force fidtd at temperature

TElectronic address: jayan@iopb.res.in T, is described by the Langevin equati10,12,13:
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dq [V'(q)—F] 7' (Q) KT system-bath coupling10,13. It should be noted that the
—_—=— — 5 @ above equation involves a multiplicative noise with an addi-
dt 7(q) B2 Y na) ®

n

tional temperature dependent drift term. The additional term

. . ) ) turns out to be essential in order for the system to approach
Here €(t) is the randomly fluctuating Gaussian noise t€Mine correct thermal equilibrium state. The motion is equiva-

with the property lently described by the Fokker-Planck equatj@rl0,13,14:
(e(t))=0,
aP(qt) o 1 JP(q,t) ,
(e(t)e(ty))=258(t—ty), ot g | KT ag TV(@-FIP@D.

2

where(...) denotes the average over the distribution of the

fluctuating quantitye(t). The primes in Eq(1) denote the

derivative with respect to the space variableEquation(1)  The stationary probability current for periodic V(q) and
has been derived earlier using microscopic treatment of;(q) with the same periodicity 2, is given ag6,12|

kgT[1—exp(27F/kgT))

()

y+2m !

1= 2
fo exp[— (V(y) +Fy)/kgT] dyfy n(x)exp[(V(x) —Fx)/kgT]dx

and the corresponding mobilify,12] w=2j/F. Clearlyj—0 asF—0, but x remains finite for finite temperatufe The
mobility in this linear response reginjé¢2] is given by

(2m)?

4

lim m= 2 y+2m :
o [Mayexpi-vinieTt [ denexsivioskeT)
0 y

Notice that the above expression ferinvolves a combina- friction influences the kinetic properties of the system and
tion of n(x) andV(x) which contributes in different ways unlike the case of space-dependent temperature, we do not
and cannot be accounted for by a single, “effective” poten-have a net additional force in the steady state.

tial. We would like to point out that a particle in a medium, In the absence of any external periodic potential, the drift
with space dependent temperature profile, experiences an efelocity is linear inF and the corresponding mobility is
fective potential(or net forcg. This, in turn, is able to shift given byu= 1/, wherep=1/2m %" 5(x)dx, is the aver-

the stable points and introduces noise induced transif@lns age value of the friction coefficient over a period. The above

In our present work we emphasize that the space dependergsult follows from straightforward mathematical analysis.
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FIG. 2. Surface plot of mobility aT=0 as a
Mobility function of F and ¢ at A=0.9. ¢ is in units of
2.

0 F

From Eq.(3) one can see that the magnitude ofdepends etc., influence the mobility. We consider for our calculation,
sensitively on the potential and the frictional profile over the

entire period. And it can be much larger or smaller than the V(g)=—singq, ()
mobility of a particle moving in a homogeneous medium
with friction coefficient equal top. Depending on the tem- 7(q)=no[1—A sin(q+ ¢)], (6)

perature and the applied field, mobility can in fact be much _

larger than the asymptotic mobilitjwith respect toF and  with 0=\ <1 so thatnp= 7. One can easily see that fér
T). This implies that at some particular valuesFoandT the <1, asT—0, u—0. Also, asF, T—o, u—1/n.. More-
mobility, in the absence of periodic potential, is muchover,j(F)# —j(—F), except whenp=0 and, and hence
smaller than in the presence of periodic potential. Thismobility is asymmetric with respect to the force. For inter-
counter-intuitive result emerges because of the complexnediate values of andF one needs to evaluate the double
manner in which the phase shift between the potential anihtegral in the denominator of E¢3) numerically[15] and
the frictional profile, the amplitude of the friction coefficient, explore the variation of::

|

27k T[1—exp(—27F/kgT)]

()

y+2

oM 2m ™ '
Ffo exp[(siny + Fy)/kBT]dyf [1—\ sin(x+ ¢)]exp[(—sinx—Fx)/kgT]dx
y

We calculatew in various sections of the parameter spaceTaf(\, ¢). Henceforth we have scaled mobility, temperature,
and force to dimensionless units as in Réf2].
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FIG. 4. Mobility nou as a function oh atT=2.0 and¢=0 for FIG. 5. Mobility nou as a function ok atT=2.0 and¢= 7 for
various values of-. various values of.

From Fig. 1a) we observe that foF >1, O<¢=<, nou
always remains less than 1 but approaches 1 asymptotically
The mobility « shows many interesting features even atas F—o. Figure I1b) shows that in the range< <2,
T=0. At T=0, following Ref.[12] closely, u remains zero 7ou could even be larger than 1 for largeand exhibits a
for |F|<1 for all values of¢ and\. However,¢ and\ play ~ maximum. This occurrence of maxima is a unique feature
an important role fofF|>1 and the mobility is given by and could only be ascribed to the space dependence of fric-
tion coefficienty(q). It is to be noted that the value of the
1 ( 1 )1/2 mobility at the maxima is always larger than the asymptotic

Ill. RESULTS

1-— mobility (1/%). In Fig. 2 we have given a surface plot of the
_ F ®) mobility obtained from Eq(8) as a function of and¢. This
okt 1 1 ' figure clearly shows that there is a small regionginaround

— +)\< 1-\/1- —|sin¢g 1.2 where the maxima can be observed, elsewhere mobility

F F? monotonically increases witk. In contrast, in a medium

with a space independent friction, the mobility in the high

For applied fields smaller than the critical fiel6€1) the friction limit monotonically increases witk for all values of
particle remains in a locked state or confined to the locall and asymptotically goes to [112]. For givenF>1, how-
minima of the potential. FOF>1 (i.e., when the potential ever from Eq.(8), maximum occurs ath=3m/2 and mini-
barrier for motion does not exjsthe particle moves down mum at ¢= /2. It should be noted that the space depen-
the potential slope or will be found in a running stfbel2]. dence of the friction coefficient does not alter the threshold
Observe that aT=0, u(F,¢)=u(—F,— ¢) and this hap- value (F=1) for nonzero mobility.
pens to be true fof #0 as well. We may roughly divide the As the temperaturd is increased from zero, the thermal
full range of ¢ (0—27) into two regions wherew shows fluctuations make the curreijtnonzero even folF|<1,
qualitatively distinct feature§-ig. 1). when the barrier to free passage motion is nonzero.TFor

F

- FIG. 6. Surface mobility as a function of
Mobility and ¢ at F=0.5 andT=2.0, to highlight the
monotonic behavior of mobility with .
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peratureT at A\ =0.9 for various values oF for

' ' ' ' (@ ¢=0.97 (b) $=1.447. The insets highlight

the maxima in the curves.

Mobility

#0, asF—0,j—0 linearly with F but the mobility remains the positions where the particle has the largest acquired ve-
finite [Eq. (4)]. For a given temperatur&#0 and when the locity due to the potential, and it is smallest where the par-
field is very high, the effect of the periodic potential vanishesticle has the smallest velocity. Thus the damping term has
and consequentlyou— 1. However, in the smalF regime the severest effect of slowing down the particle. Whgn
nom can be much larger than 1, leading to a peak as a func=m the situation is just the opposite. In this case the fric-
tion of F depending on the parameter valuesggh,T. The tional effect is the least. In fact it has a positive effect and as
resonance feature as a functionfotan also be observed at can be seen from Fig. 5 the mobilityou even becomes
finite temperatures, as shown in Fig. 3. larger than 1. For any otheb, however, the situation is too
Let us now examine the variation gfu as a function of complicated to analyze as simply. To emphasize this we
the modulation parameterof the friction coefficient. Figure have given a surface plot afpu with X and ¢ in Fig. 6 for
4 shows the variation ofjgu for ¢=0 at fixedT=2.0 and T=2.0 andF =0.8. Mobility increases monotonically with
Fig. 5 for ¢=m at the sameT (for ¢=0 andm, nou is  in a region for¢ around 1.1, and elsewhere it decreases
symmetric abouF =0). WhenV(q) and »(q) are in phase, monotonically.
the mobility monotonically decreases with (F=0 having We now discuss the variation afyu as a function of
the least value ak =1) whereas when they are in opposite temperaturel (or the noise strengghAt this point it is per-
phase mobility increases with. For ¢= 7 and large\ (Fig.  tinent to note that there has been discussion in the literature
5), nop becomes larger than 1 for all valuesffFigures 4  about the motion of an underdamped patrticle, in tilidde
and 5 essentially corroborate the observations made in Reffo a constant forc&) but otherwise periodic potentials, be-
[16] that wheng=0 the friction coefficient is the largest at ing in two states depending on the valueFolnd the damp-
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FIG. 8. Temperature corresponding to the peak mobilly)(as
a function of¢ (in units of 27) for various values of. The inset
shows the variation of p as a function of for various values of.

ing constanty, of the medium5,12]. The particle could be
in a locked statéremaining confined to a local minimum of
the potentiagl or in a running statécorresponding to a mo-
tion down the potential slope The two states could also
coexist even fotF|<1 [for periodic potentiaV/(q) as given
in Eq. (5)]. However, in the overdamped caseTat 0 the
particle can be either in the locked stdfer |F|<1) or in
the running statefor |F|>1). But asT is increased the
particle incoherently hops from one staljlecked statg to
another one even fdF|<1, leading to a net current. When
in addition, we consider the friction coefficient to be space
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dependent, the mobility as a function of temperature shows g5 10 Mobility 7x as a function of temperaturé at
many more interesting features depending on the values af 4 g tor various values of for (@ ¢=1.5m, (b) ¢=1.6m. The

F, N, and¢. We confine our attention to large values)of

(but <1), for exampleA=0.9.
In the entire range o[ 0< $p<27] we present results

for a few typical values of. Figure 7a) shows the nature of
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FIG. 9. Surface plot of mobilityyou as a function of tempera-
tureT and ¢ at F=0.5 and\=0.9. ¢ is in units of 2.

inset of (b) highlights the minima in mobility.

SR at¢=0.97 for arbitrarily selected values df. We see
that for some values d¥, especially folF<1, nou becomes
larger than 1 at intermediate valuesTofthe peaks appear at
largerT for larger F) and asymptotically tends to one @s
—oo, for all values ofF. We find SR even foF—0 and in
fact the peak mobility is larger foF<1 than forF>1.
Similar behavior could be seen fap<<0.97 also. These
peaks for smalkp, however, are very broad. Figuréby is
for ¢=1.44r. In this figure the peaks are sharper for larger
values ofF (F>1) and the peaks disappear fexx1. The
temperaturd (=Tp) corresponding to the peak value of mo-
bility is much lower than that in the previous casé (
=0.97) and unlike the previous case it decreases and tends
to zero ag- is increased. Figuredd and 7b) clearly exhibit
the occurrence of SR fd¢<1 as well as fol->1. It should
be noted that we observe stochastic resonance for smaller
values ofA(<0.9) too. But as\ is decreased the peaks be-
come less prominent and the range @fover which the
phenomena could be observed shrinks and finally disappears.
We now turn to examine the location of maximia, as a
function of system parameters. In Fig. 8 we have plofted
against¢ for various values of, the inset shows the varia-
tion of Tp versusk for some typical values ap as indicated
on the figure. For small fields<1, T, versus¢ is a non-
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monotonic function exhibiting a minima, which shifts to- IV. SUMMARY AND DISCUSSION
wards higher values of asF is increased. As we go away . . .
from the minima on both sides, the resonance behavior be- We have theoretically studied the motion of an over-

comes broader. Fap beyond 1.5, mobility does not show damped particle in a tiltedby a constant forgebut other-
’ 2 wise sinusoidal potential in an inhomogeneous medium. We

a maxima(or Tp). For values of field larger than about 1.2, i . 3 3 , X
T, decreases monotonically with. Tp shows a monotonic considered the particle to experience a sinusoidally varying

or a nonmonotonic behavior as a functiorFosis can be seen Triction coefficient while in motion, but the temperature of
from the inset of Fig. 8. This behavior is very sensitive toth® medium is kept uniform. The behavior of the motion of

material parameters. In Fig. 9 we have given a surface plot dfe particle characterized by its mobility is influenced by the
the mobility as a function ofp and T for F=0.5 and\ phase difference between the potential function and the fric-
=0.9. For values ranging fronp=0.97 to 1.44r we obtain  tion coefficient in important ways. If the friction coefficient
SR in the mobility as a function of temperature. It is to beis small where the potential is high, then the bRswill
noted that this surface plot as well as all the earlier surfacéfluence the mobility differently than when the friction co-
plots exhibit a maxima in the mobility as a functionéffor  efficient is large where potential is high. By choosing the
a given temperatur€ and field strengtlf, on the other hand phase difference suitably the mobility could be enhanced by
the mobility shows a monotonic behavior with (see, for  tuning the noise leve{temperaturg of the system, or low-
example, Fig. B This seems to suggest thatmay play the ered depending on the value of the phase difference. The
characteristic role of frequency in our model in the absencéormer indicating the occurrence of stochastic resonance in
of an additional external frequency sigri&l17). the motion of the overdamped particle in a periodic potential
Figure 1@a) is for ¢=1.5m. For forces less than a certain with the application of a nonoscillating constant field. The
F (closer to the critical value df=1) all curves begin with  decrease of mobility, on the other hand, indicates that the
ot less than 1 and gradually increase witand asymp-  motion could be made sluggish by enhancing the noise level
totically reach the value 1. And for larger forces the mobility (temperature We have also observed the peaking behavior
always remains larger thap. =1 and asymptotically reach i the mobility as a function of applied field. Of course, both
1 asT—. For large values of (>1), for which the poten- — hege effects cannot be seen in a homogeneous medium with
tial barrier for motion has already disappeared, the mobility,gnstant friction coefficient and uniform temperature.
decreases &b is increased fronT =0. This implies that the ¢ this point it is worthwhile to note that in the conven-
motion of the overdamped particle becomes more sluggishiong| treatment on SR it has been established that SR occurs
than atT=0, where one would have expected the particle toyhen Kramer's time of barrier passage roughly matches the
become more mobile &is increased from zero. Our obser- (gominant characteristiggime scale of the inputexternally
vation indicates that the presence of noise actually slowgppjieq signal. But in the present work there is no time
down the motion of deterministically overall unstable Stateﬁlarying externally applied input signal and hence the crite-
in the appropriate range &f and ¢. This is somewhat akin  yion for the occurrence of SR is not satisfied. However, some
to the phenomenon of noise-induced stability of unstablgecent works have shown that the SR can also occur in the
states[18-21. For the values of larger than the critical apsence of an external periodic force, which is a conse-
field, the barrier to the motion of the particle disappears andyyence of the intrinsic dynamics of the nonlinear system
in this case(depending on the system parameehe noise (22 23 Such a behavior has been described as autonomous
slows down the motion between unstable states whereas f@jr |t may also be possible that the SR phenomena that we
F<1 the noise helps to overcome the potential barrier folhaye discussed may be a little closer to dittar threshold
the passage of the particle. And finally, in Fig.(&)0 for ¢ SR).
=1.67, we observe some very interesting features that are |n this system that we study, the current is in general
somewhat contrary to common expectations. Values-of asymmetric with respect to the reversal of the direction of the
very close to(but larger than the critical value),lthe mobil-  applied force. This result has earlier been used to obtain a net
ity attains a minimum value and then begins to increase withynidirectional motion in the presence of a time oscillating

T and finally reachesjou=1, asymptotically, a§ —<. In fie|d, but with a net average force of zefice., without an
this case we observe a crossover from the regime of noisgspvious bias [24].

induced slowing down to the noise-enhanced mobility for a

givenF as a function of the temperatugeoise strength All
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